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Effects of a large-scale mean circulating flow on passive scalar statistics
in a model of random advection
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We study the effects of a large-scale mean circulating flow on passive scalar statistics in turbulent advection
using a two-dimensional lattice model. The incompressible advecting velocity field consists of a large-scale
circulation plus fluctuations. The latter are modeled by a random Gaussian field that has a finite correlation
time but is statistically independent at different lattice points. In the presence of the large-scale flow, we find
that the profiles of both the mean and the rms fluctuation of the passive scalar are modified significantly, and
have close resemblance to those observed experimentally in turbulent convection. The one-point probability
density functiongPDF9 of the passive scalar at the two sides are affected by the large-scale flow and become
more skewed. There is, however, not much change for the PDFs at other locations. Furthermore, the shape of
the PDFs of the scalar increments remains the same with or without the presence of the large-scale flow,
supporting the idea that large-scale effects can be filtered out by studying increments.
[S1063-651%98)08008-9

PACS numbes): 47.27—i

[. INTRODUCTION agivenvelocity field, is simpler. Insights or understanding of
some features of thermal convection may be gained by
High-Rayleigh-number convection in fluid enclosed in astudying a passive scalar subjected to a suitably prescribed
cell is often taken as a system for investigating fluid turbu-velocity field. As a result, various studigs2—18 were mo-
lence as the boundary conditions are well defined and thévated to understand when the statistics of a randomly ad-
flow can be changed from laminar to turbulent in a con-vected passive scalar will be non-Gaussian.
trolled manner. Many interesting features have been uncov- Along the same line of thoughts, it would be interesting to
ered[1]. A scaling state, which covers a wide range of Ray-Study how the presence of a large-scale mean circulating
leigh number(Ra) from 10% to 10'5, was revealed?2]. This flow might affect the passive scalar statistics in turbulent

turbulent regime is characterized by power-law dependenc@dvecnon' In this paper, we report the results from a numeri-

of the heat flux and the size of local temperature ﬂuctuationgaI study. We use a two-dimensional lattice mddat, 19 in

with Ra, and has various features that have attracted muc\ﬁh'Ch the fluctuation of the incompressible velocity field is

attention. First, the scaling exponent of the heat flux is 2/7m|micked by a random Gaussian field that has a finite cor-
S ' g exp . . relation time but is statistically independent at different lat-
which is different from 1/3, the value one might obtain from

. . " . tice points. In earlier studies, it was fouptl7] that the pas-
ideas of marginal stability3], which suppose that the top e scalar fluctuation becomes non-Gaussian for a certain

and the bottom thermal boundary layers do not interact. SeGynge of parameters of the model. Moreover, this change in
ond, the probability distribution of temperature fluctuationssatistics is independent of the one-point statistics prescribed
at the center of the cell was found to be exponenté  for the velocity field[19]. In the present study, we introduce
opposed to the Gaussian observed at lower values df Rag |arge-scale mean circulating flow into the model and find
Finally, there is a persistent large-scale mean circulating flowhat its presence modifies the profiles of both the mean and
that spans the whole experimental dell, and the velocity  the rms fluctuation of the passive scalar significantly. Inter-
of the flow also scales with Ra. The presence of a large-scalestingly, these profiles now show close resemblance to the
flow naturally induces an interaction between the two thercorresponding profiles for the temperature field observed ex-
mal boundary layers. Two different theoretical modé&®]  perimentally in turbulent convectidiT]. The one-point prob-
have been proposed to derive the scaling laws. In particulagbility density functiondPDF9 of the passive scalar at the
the effect of the shear produced by the mean circulating flowwo sides are affected by the large-scale flow and become
on the heat flux was studied explicitly in R¢6]. However, more skewed. There is, however, not much change for the
a complete understanding is still lackifg—10]. More re- PDFs at other locations. Furthermore, the shape of the PDFs
cently, it was further found that the distribution of tempera-of the scalar increments remains the same with or without
ture fluctuations become a superposition of two Gaussianthe presence of the large-scale flow, supporting the idea that

when the large-scale flow is perturbgtl]. large-scale effects can be filtered out by studying increments.
In thermal convection, the temperature field takes part in
driving the flow and is so-called active. In this situation, the Il. MODEL

velocity and the temperature fields are coupled in a compli-
cated manner. On the other hand, the problem of a passive We use a two-dimensional lattice model to study the ad-
temperature field, i.e., a temperature field that is advected byection of a passive scalar by a random incompressible ve-
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310 - - - ettt - — - - even with the presence of the large-scale mean circulating
AR S st b B B e b flow. There are three independent dimensionless parameters
: : : : :::::::::::::::: : : : in 2the problem, Wh!Ch we take aK=ugpr./¢, C
Vb f A r s e W X X X A} =¢&°/(D ), and the raticA/u,. The parameter andC are
I A e S N N N N S respectively the ratio of the velocity correlation time to the
A S e A S L L L W advection time and the ratio of the eddy-diffusion time to the
VI b FFF Al r e XX A velocity time while the ratioA/u, measures the relative
B R RN NN N N T I strength of the mean and the fluctuating velocities. It is
1 i i t t i : AN : : : : : ! known from previous studigd7,19 that in the case without
> 16.0 — i i
Vb E R RE a mean flow A=0), the one-point PDF of the passive scalar
i D T TR I I T B B at the center of the lattice varies from a Gaussian to a distri-
AT T IS AT A R I bution with flatter-than-Gaussian tails @increases wheK
i t § : : \\: :::::::i;; ; ; ; ; ; 1 is fixed. In the present study, we fix=1.0 andC=38.0,
1 L AN NN N wmmr e r A A A A} values at which the one-point PDF is nearly exponential
T A B B R [17,19 when A=0, and study the possible effects of the
R T e e e e e e G A AP A presence of a large-scale mean circulating flow by comparing
PN NN AR R TR ey S S the results forA=0 with those forA#0, e.g.,A/uy=0.05.
Lo Equation(1) is integrated in time using the finite differ-
1'0'1|0 - 5 : 7o ence method with a small time stept=0.005, andN

=31. Such a relatively small size is sufficient as we shall
® evaluate the statistics by averaging over time. The fluctuating
FIG. 1. The velocity field generated from the time-independentPart of the stream functiorj;, is updated everyn=25 time
term ¢,, in the stream function foA=0.4. The size of the arrow Steps at each lattice site so that=mAt=0.125. The
indicates the relative magnitude of the velocity. boundary conditions for the scalar field drea fixed differ-
ence along thg direction: T(i,j=0t)=0 and T(i,j=N
locity field. The model was discussed in Rdf7,19. Here, +1t)=1; and(ii) vanishing horizontal gradient &&= 1 and
we outline the main points and the new features introduced=N. For the velocity field, we adopt a free boundary con-
in the present study. We solve numerically the discreteadition since our large-scale mean circulating fl¢8) does
advection-diffusion equation for the scal&(i,j,t) on aN not satisfy the no-slip boundary condition. In Fig. 2, we
X N square lattice of spacing: check the effect of this nonphysical boundary condition for
A=0. It can be seen that the passive scalar PDFs near the
top and the bottom boundaries remain exponential with a
larger flatness as compared to the PDFs for the no-slip
boundary condition while the PDFs at other locations are not
where D is an effective eddy diffusivity, andi,j  affected.
=1,... N. The length of the square lattice is, therefdre,

dT(i,j,t)

oo U0 VT DH=DViT(i,j.b), (1)

=N¢. The parameteD should not be_identified with the IIl. RESULTS AND DISCUSSIONS
molecular diffusivity since, by construction, the smallest spa-
tial scales are not resolved. We first compare the mean scalar prof[E), averaged

The incompressible advecting velocity fields generated over time, forA=0 andA/uy=0.05. From Fig. 3, we im-
from the stream functiow(x,y,t), which consists of a time- mediately notice that the mean scalar profile is modified sig-

independent and a fluctuating part: nificantly in the presence of a large-scale flow. Fo&0
(squareswhich corresponds to the absence of a large-scale
D(X,Y,1) = (X, Y,t) + Pm(X,Y). (20 mean flow(T) has been found to be linear in thelirection

[17,19 with little dependence on For A/uy= 0.05(circles,

The fluctuating part,é(x,y,t), is taken to be a random the profile has a very different shape. At fixed/ T) shows
Gaussian field, identically independently distributed at eacta comparatively flat region near the center of the lattice with
lattice point, with zero mean, standard deviatigg, and  the gradient steepened near the two boundgrie$ and]
correlation timer, [17,19. In the present study, we intro- =N. Moreover, an overall horizontal gradient is developed.
duce the time-independent term,;, Reversal of this horizontal gradient is observed when either

the flow direction or the applied scalar difference is reversed.
X\ [y We thus attribute this horizontal gradient to the presence of
T)S'n(T : the large-scale flow, which brings more “hot” fluid tb
=1 and more “cold” fluid toi=31. A similar effect of the
which gives rise to a large-scale circulation as shown in Figlarge-scale flow generating a horizontal variation in the mean
1. As seen from Fig. 1, this large-scale flow does not satisfgemperature of the top and the bottom plates was observed
the no-slip condition at the boundaries. However, as we shally Cioni etal. in thermal convection[20]. The time-
see, this has little effect on the passive scalar PDF at locdandependent profile when the velocity field is solely the
tions away from the boundaries. large-scale circulation with no fluctuatiofwith the same

The typical size of the velocity fluctuation is given by value ofA) is evaluated and plotted as the solid line. Good

Ug= ¢o/£€. The correlation length of the velocity field &  agreement between the solid line and the circles can be seen.

AL
dm(X,y)= —-sin
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FIG. 2. Comparison of the normalized PDIYX) for X=(T—(T))/o and ¢ is the rms fluctuation, at various locations) (i=1,j
=16), (b) (i=31j=16), (c) (i=16,=1), (d) (i=16,=31), (e) (i=8,j=8), and(f) (i=16,=16), for two different sets of boundary
conditions for the velocity field with= 0: periodic in thex direction, no slip in the direction(solid line), and free in all boundarigslotted

line). The boundary conditions for the scalar field are the same.

It is interesting to note that the profile fér+ 0 has close

boundary layers at the top and the bottom plates and the

resemblance to the mean temperature profile observed egentral region of the experimental cell is almost statistically

perimentally in turbulent convectiofv]. In turbulent con-

isothermal. Moreover, as discussed in Sec. |, a large-scale

vection, a temperature difference is applied along the verticdlow is self-generated by the applied temperature difference.
direction. It was observed that in the steady state, the applie@nce the large-scale flow is generated, the temperature field
temperature difference concentrates in two thin thermalill be advected in a similar manner as in the case of a
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FIG. 3. Mean scalar profilda) (T(i=16,)) and (b) (T(i,j
=16)) for the two casef®\=0 (squaresandA/uy=0.05 (circles.
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passive scalar except that the interaction between the veloc-
ity and the temperature fields is now two-way. Our results
thus show that the shape of the mean temperature profile
observed in thermal convection is a direct consequence of
the presence of a large-scale mean circulating flow.

In Fig. 4, we compare the profiles for the rms scalar fluc-
tuation o. For A=0, o is approximately constant at=16
except near the boundaries. Asis fixed at the top and the

0.09 T

T
C—0 i=16, A/u,=0.05
o O - €O j=16, Alu=0.05 0
O—+H1 i=16, Alu=0 ;
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Shown also are the time-independent profiles for the velocity field

being solely the large-scale circulating flow with no fluctuation

(solid lines.

FIG. 4. Rms scalar fluctuation profile fé&x=0 (squares and
Aluy=0.05(circles.
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0.09 . . . mean flow. In the present study, we study also the PDFs at
other locations. When there is no mean flow, the PDF is
found to be the same at every lattice point within the bulk of
the lattice. At lattice points near the top and the bottom
boundaries, the PDF is noticeably skewed. It is positively
skewed near the bottom and negatively skewed near the top.
This asymmetry is due to the fixed difference boundary con-
dition, which leads to more “hot” fluctuation near the bot-
tom “cold” boundary and vice versa. The PDFs near the two
sides are also skewed and with the same sign. In the presence
of the large-scale flow, the shape of the PDF remains nearly
exponential. A major effect is that the PDFs near the two
sides become more skewed, with the PDF on the(lefar
i=1) being positively skewed while that on the riglmiear
i =31) is negatively skewe(see Fig. . On the other hand,
0.01 . . . the PDFs at the other locations are not affected much by the
0.00 0.02 0.04 0.06 0.08 large-scale flow. The asymmetry of the PDF near the two
£1e<T>| sides can be understood as a result of the anisotropy intro-
FIG. 5. A plot of o(i,j) vs &VT| for A=0 [i=16 (starg, j  duced Dby the large-scale flow, which brings more “hot”
=16 (triangles] andA/u,=0.05[i =16 (squarey j =16 (circles]. fluid o= 1 and more “cold" fluid toi=31. .
The slope of the fitted line is 1.15, of order 1, supporting the pre- In Fig. 7’_We plot the skewness of the PDF asa function
diction of Ref.[14]. The data points that deviate from the straight Of the location for the two cases. The scalar field at any

line correspond to data taken near the boundaries where the pDORttice point is coupled to the scalar field at neighboring
deviates from an exponential. points. Suppose there is gradient in the mean scalar profile at

a certain point,j), then larger or smaller fluctuations will

bottom boundaries, we expettto be smaller neay=1 and ~ reach it from the neighboring points. Suppose there is also a
j=31 as observed. For fixejd=16, on the other handy is ~ gradient in the rms fluctuation profile at f), then the typi-
larger neai =1 andi =31 asT is not specified near the side cal sizes of fluctuation from the neighboring points will be
boundaries. FoA#0, o is generally smaller, indicating that different. Thus, there will be relatively more large or small
mixing is enhanced in the presence of the large-scale flowfluctuations implying that the PDF at,{) is skewed. Hence,
Around the top and the bottom boundarigss 1 and j the PDF at a particular point will be skewed if there is non-
=31, o is, however, relatively larger in the presence of thevanishing local gradient in both the meand the rms fluc-
large-scale flow because the scalar gradient is amplifie#ation profiles at that point. This observation is generally
there. Thus, the two profiles look very different. In the Verified by comparing Fig. 7 with Fig. 3 and Fig. 4. More-
direction, o is maximum near the center of the lattice for OVer, the sign of the skewness can be generally understood,
A=0 but a minimum forA=0 while the reverse is true Using similar arguments, from the signs of the gradients of
along thei direction. The dependence afalong the vertical he mean and the rms fluctuation profiles. _

(j) direction in the presence of a large-scale flow again re- 't iS known that[21] the PDF of a stationary fluctuation

sembles that observed in turbulent convecton experiment$(t), with zero mean and unit standard deviation, is related

0.07

o 0.05 r

0.03

[7]. to two conditional averages of its time derivatives:
According to Ref[14], when the Peclet number is large . ,

enough and when there is a local gradient in the mean scalar P(X)= Cn oxd [ (X[X=x") 5

profile, the scalar PDF will be exponential with a velocity- B (X7 X=x) 0 (XYX=x")

independent rms fluctuation given by

where an overdot indicates a time derivative & is a
opss~ & V(T)|. 4

constant fixed by normalization. The quani®?|X=x) de-
ForA=0, V(T) is almost the same at each lattice point thusnOtes the average of the square of the time derivativé(of

. whenX is at a given value. It is thus a conditional average

Z Os_gglyjlg pblgt iﬁ’gﬁgiﬁg <$§)|HSS:$T}| db;liv%q; 's't:rg:gﬁ/tulione and is generglly a fu_ncti_on"oo‘. The _condi.tional gvgrage of
with a slope of the order 1. We plat against¢|V(T)| in  the second time derivativX|X=x) is defined similarly. It
Fig. 5, and the results are as expected whenever the scal§rconvenient to normalize the two conditional averages by
PDF is nearly exponential. The data points that show deviad€fining two functiongj(x) andr(x), respectively, as|(x)
tions are measured from locations near the boundaries where(X?|X=x)/(X?) and r(x)=(X|X=x)/(X?). When the
the scalar PDF is skewed and deviates from an exponenti&DF is symmetricy(x) and q(x) have been found to be,
(see below. Thus, the rms scalar fluctuation profile, within respectively, an odd and an even functjd8]. We study the
the bulk of the lattice, can be understood from the meartwo functionsq(x) andr(x) at different locations for both
scalar profile together with Ed4). A=0 andA#0. Interestingly, we find that(x) remains an

In earlier work[17,19, we have focused on the one-point odd function even when the PDF is skewed. Moreovéx)
scalar PDF at the center of the lattice and have studied itis unaffected by the presence of the large-scale flow. Hence,
dependence on the paramet&sand C when there is no the skewness of the PDF is solely related to the asymmetry
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FIG. 6. Comparison of the PDFs fér=0 (dotted andA/uy=0.05(solid) at various locations(a) (i=16,=1), (b) (i=16,=31), (¢
(i=1,j=16), (d) (i=31,j=16).

in the conditional averagg(x). In. Fig. 8, we plotq(x) for 2 . . .
A#0 at various locations. Suppo$&¥x>0)>P(—x) such

that it is more probable to have positive fluctuation. Using

Eq. (5) with r(x>0)=-r(—x), we have q(x>0)>q ’
(—x), which implies that the typical rate of change of the
scalar fluctuation is also larger for positive fluctuation. This
is verified byq(x) at (i=16,j=1) [solid line in Fig. §a)].
Similar arguments hold for the case whé{x<0)>P
(—x).

Besides studying the one-point statistics, we have also
studied the statistics of the scalar increments. We evaluate 1k 1
the PDFs of the scalar increments(i,j,t)=T(i,j,t+7)
—T(i,j,t), denoted byP(T,), for various values ofr, and I @)
also the PDFs of the scalar derivatid@&(i,j,t)/dt (which is
just the scalar increment in the limit e¥~0) at five loca- 1 11 21 31
tions: a=(i=2,j=16), b=(i=30j=16), c=(i=16) j
=16),d=(i=16,=2), ande=(i=16,j=30). As the sca-
lar fluctuations have time-reversal symmetry, b@&®fT,)
andP(dT/dt) are even functions.

In the absence of the mean flovA€0), we find that
[see Fig. @] P(T,)(a)=P(T,)(b) while P(T,)(c) r 1
~P(T)(d)=P(T,)(e). The two groups of PDFs have different »O
widths as measured by their standard deviatiqn

8
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The relative order o, follows that ofo ando’s are larger 8
when 7 is larger as the average value ©f is larger. The A i
same relation between the PDFs at the five different loca-
tions is found for the the PDFs of scalar derivative. I (b)
Similar observations are found when there is a large-scale . .

flow. For a certain valuer, P(T,)(a)=P(T,(b) and 2 1 1 21 39
P(T,)(d)=P(T,)(e), and the two sets of PDFs are different i

from P(T,)(c) [see Fig. ®)]. The ordering of the widths of
the PDFs is reversed:

FIG. 7. Skewness of the PDF as a function of position Aor
=0 (squares and A/uy=0.05 (circles; (a) alongi=16 and(b)
cla)y=oc(b)<o(c)<o(d)=0c,(e) for A#0 (7) alongj=16.
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FIG. 8. Comparision of the conditional averagi) in the case
with mean large-scale flow fdia) the top and bottom boundaries:
(i=16,=1) (solid line) and (= 16,j = 31) (dotted ling and(b) the
two sides: (=1,j =16) (solid line) and (=31, = 16) (dotted ling.
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FIG. 9. The PDFs of the scalar incremefits, P(T,), for =
=0.6r at the five locations:iE2,j=16) (circles, (i=30,=16)
(starg, (i=16,)=16) (squarey (i=16,j=2) (triangles, and (

=16,)=30) (pluses for (&) A=0 and(b) A/uy=0.05.

following the relative order ofr.

When we normalize all the PDR(T,) andP(dT/dt) by
their widths, we find that the normalized PDP§X ), where
X, =T,lo,, fall into two forms no matter whether there is a
mean flow or not. The first one is for locatioasandb on
the two sides while the other one is for locatiangd, ande
on the axis. As shown in Fig. 10, the shape of the normalized
PDFs on the two sides is more stretched than that for the
PDFs on the axis. Hence the shape of the PDFs of the scalar
increments is not affected by the presence of the large-scale
flow.

log, [P(X)]

IV. SUMMARY

We have studied numerically the effects of a large-scale
circulating flow in passive scalar advection using a two-
dimensional lattice model. Various interesting features are
found. First, the existence of the large-scale flow changes the
mean scalar profile significantly by creating two regions of
relatively larger scalar gradient near the top and the bottom
boundaries and thus enhances the transfer of {22t The

-2

rms scalar fluctuation profile is also altered such that two g 10, Normalized PDFs of the scalar incrememX.,), for
maxima are observed near the top and the bottom bound-— g at the five locations for bot=0 and A/u,=0.05. {
aries. The modified profiles resemble the mean and rms tem=2 ; —16): A=0 (illed circles; A/u,=0.05 (filled rhombusek
perature profiles observed in turbulent convection. Thus, prog =30, =16): A=0 (filled squarel A/uy=0.05 (filled triangles,
files of such shape are a direct consequence of the large-scale-16j=16): A=0 (crosses A/uy=0.05 (plussey (i=16
flow no matter whether it is generated self-consistently by=2): A=0 (circles; A/uy=0.05 (rhombuseg and (=16, =30):
the applied temperature difference as in thermal convectioA=0 (squaref A/u,=0.05 (triangles.
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or is imposed as in our model. Moreover, the magnitude ofluctuations, the typical rate of change of the fluctuation is
the rms fluctuation is of the order of the product of the ve-also larger for positive fluctuations. Finally, the form or
locity correlation length and the local mean scalar gradientshape of the PDFs of the scalar increments is found to be
as predicted in Ref.14], whenever the PDF is close to an unaltered by the large-scale flow. This result supports the
exponential. In the presence of the large-scale flow, the PDFgea that large-scale effects can be filtered out by studying
of the scalar fluctuation near the two sides become skewe@crements.

and with opposite signs. Interestingly, the conditional aver-

ager(x) remains an odd function even when the PDF is

skewed. Moreover,(x) is unaffected by the presence of the ACKNOWLEDGMENT

large-scale flow. Therefore, the skewness of the PDF is

solely related to the asymmetry in the conditional average This work is supported in part by the Hong Kong Re-
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