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Effects of a large-scale mean circulating flow on passive scalar statistics
in a model of random advection

Emily S. C. Ching,1 C. S. Pang,1 and Gustavo Stolovitzky2
1Department of Physics, The Chinese University of Hong Kong, Shatin, Hong Kong

2Center for Studies in Physics and Biology, Rockefeller University, New York, New York 10021
~Received 24 December 1997!

We study the effects of a large-scale mean circulating flow on passive scalar statistics in turbulent advection
using a two-dimensional lattice model. The incompressible advecting velocity field consists of a large-scale
circulation plus fluctuations. The latter are modeled by a random Gaussian field that has a finite correlation
time but is statistically independent at different lattice points. In the presence of the large-scale flow, we find
that the profiles of both the mean and the rms fluctuation of the passive scalar are modified significantly, and
have close resemblance to those observed experimentally in turbulent convection. The one-point probability
density functions~PDFs! of the passive scalar at the two sides are affected by the large-scale flow and become
more skewed. There is, however, not much change for the PDFs at other locations. Furthermore, the shape of
the PDFs of the scalar increments remains the same with or without the presence of the large-scale flow,
supporting the idea that large-scale effects can be filtered out by studying increments.
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I. INTRODUCTION

High-Rayleigh-number convection in fluid enclosed in
cell is often taken as a system for investigating fluid turb
lence as the boundary conditions are well defined and
flow can be changed from laminar to turbulent in a co
trolled manner. Many interesting features have been unc
ered@1#. A scaling state, which covers a wide range of Ra
leigh number~Ra! from 108 to 1015, was revealed@2#. This
turbulent regime is characterized by power-law depende
of the heat flux and the size of local temperature fluctuati
with Ra, and has various features that have attracted m
attention. First, the scaling exponent of the heat flux is 2
which is different from 1/3, the value one might obtain fro
ideas of marginal stability@3#, which suppose that the to
and the bottom thermal boundary layers do not interact. S
ond, the probability distribution of temperature fluctuatio
at the center of the cell was found to be exponential~as
opposed to the Gaussian observed at lower values of!.
Finally, there is a persistent large-scale mean circulating fl
that spans the whole experimental cell@4#, and the velocity
of the flow also scales with Ra. The presence of a large-s
flow naturally induces an interaction between the two th
mal boundary layers. Two different theoretical models@5,6#
have been proposed to derive the scaling laws. In particu
the effect of the shear produced by the mean circulating fl
on the heat flux was studied explicitly in Ref.@6#. However,
a complete understanding is still lacking@7–10#. More re-
cently, it was further found that the distribution of temper
ture fluctuations become a superposition of two Gauss
when the large-scale flow is perturbed@11#.

In thermal convection, the temperature field takes par
driving the flow and is so-called active. In this situation, t
velocity and the temperature fields are coupled in a com
cated manner. On the other hand, the problem of a pas
temperature field, i.e., a temperature field that is advecte
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a givenvelocity field, is simpler. Insights or understanding
some features of thermal convection may be gained
studying a passive scalar subjected to a suitably prescr
velocity field. As a result, various studies@12–18# were mo-
tivated to understand when the statistics of a randomly
vected passive scalar will be non-Gaussian.

Along the same line of thoughts, it would be interesting
study how the presence of a large-scale mean circula
flow might affect the passive scalar statistics in turbule
advection. In this paper, we report the results from a num
cal study. We use a two-dimensional lattice model@17,19# in
which the fluctuation of the incompressible velocity field
mimicked by a random Gaussian field that has a finite c
relation time but is statistically independent at different l
tice points. In earlier studies, it was found@17# that the pas-
sive scalar fluctuation becomes non-Gaussian for a cer
range of parameters of the model. Moreover, this chang
statistics is independent of the one-point statistics prescr
for the velocity field@19#. In the present study, we introduc
a large-scale mean circulating flow into the model and fi
that its presence modifies the profiles of both the mean
the rms fluctuation of the passive scalar significantly. Int
estingly, these profiles now show close resemblance to
corresponding profiles for the temperature field observed
perimentally in turbulent convection@7#. The one-point prob-
ability density functions~PDFs! of the passive scalar at th
two sides are affected by the large-scale flow and beco
more skewed. There is, however, not much change for
PDFs at other locations. Furthermore, the shape of the P
of the scalar increments remains the same with or with
the presence of the large-scale flow, supporting the idea
large-scale effects can be filtered out by studying increme

II. MODEL

We use a two-dimensional lattice model to study the
vection of a passive scalar by a random incompressible
1948 © 1998 The American Physical Society
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PRE 58 1949EFFECTS OF A LARGE-SCALE MEAN CIRCULATING . . .
locity field. The model was discussed in Refs.@17,19#. Here,
we outline the main points and the new features introdu
in the present study. We solve numerically the discr
advection-diffusion equation for the scalarT( i , j ,t) on a N
3N square lattice of spacingj:

]T~ i , j ,t !

]t
1u~ i , j ,t !•¹ i j T~ i , j ,t !5D¹ i j

2 T~ i , j ,t !, ~1!

where D is an effective eddy diffusivity, andi , j
51, . . . ,N. The length of the square lattice is, therefore,L
5Nj. The parameterD should not be identified with the
molecular diffusivity since, by construction, the smallest s
tial scales are not resolved.

The incompressible advecting velocity fieldu is generated
from the stream functionf(x,y,t), which consists of a time-
independent and a fluctuating part:

f~x,y,t !5f f~x,y,t !1fm~x,y!. ~2!

The fluctuating part,f f(x,y,t), is taken to be a random
Gaussian field, identically independently distributed at e
lattice point, with zero mean, standard deviationf0, and
correlation timetc @17,19#. In the present study, we intro
duce the time-independent term,fm :

fm~x,y!5
AL

p
sinS px

L D sinS py

L D , ~3!

which gives rise to a large-scale circulation as shown in F
1. As seen from Fig. 1, this large-scale flow does not sat
the no-slip condition at the boundaries. However, as we s
see, this has little effect on the passive scalar PDF at lo
tions away from the boundaries.

The typical size of the velocity fluctuation is given b
u0[f0 /j. The correlation length of the velocity field isj

FIG. 1. The velocity field generated from the time-independ
term fm in the stream function forA50.4. The size of the arrow
indicates the relative magnitude of the velocity.
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even with the presence of the large-scale mean circula
flow. There are three independent dimensionless parame
in the problem, which we take asK5u0tc /j, C
5j2/(Dtc), and the ratioA/u0. The parametersK andC are
respectively the ratio of the velocity correlation time to t
advection time and the ratio of the eddy-diffusion time to t
velocity time while the ratioA/u0 measures the relative
strength of the mean and the fluctuating velocities. It
known from previous studies@17,19# that in the case withou
a mean flow (A50), the one-point PDF of the passive sca
at the center of the lattice varies from a Gaussian to a dis
bution with flatter-than-Gaussian tails asC increases whenK
is fixed. In the present study, we fixK51.0 andC58.0,
values at which the one-point PDF is nearly exponen
@17,19# when A50, and study the possible effects of th
presence of a large-scale mean circulating flow by compa
the results forA50 with those forAÞ0, e.g.,A/u050.05.

Equation~1! is integrated in time using the finite differ
ence method with a small time stepDt50.005, andN
531. Such a relatively small size is sufficient as we sh
evaluate the statistics by averaging over time. The fluctua
part of the stream function,f f , is updated everym525 time
steps at each lattice site so thattc5mDt50.125. The
boundary conditions for the scalar field are~i! a fixed differ-
ence along thej direction: T( i , j 50,t)50 and T( i , j 5N
11,t)51; and~ii ! vanishing horizontal gradient ati 51 and
i 5N. For the velocity field, we adopt a free boundary co
dition since our large-scale mean circulating flow~3! does
not satisfy the no-slip boundary condition. In Fig. 2, w
check the effect of this nonphysical boundary condition
A50. It can be seen that the passive scalar PDFs near
top and the bottom boundaries remain exponential with
larger flatness as compared to the PDFs for the no-
boundary condition while the PDFs at other locations are
affected.

III. RESULTS AND DISCUSSIONS

We first compare the mean scalar profile^T&, averaged
over time, forA50 andA/u050.05. From Fig. 3, we im-
mediately notice that the mean scalar profile is modified s
nificantly in the presence of a large-scale flow. ForA50
~squares! which corresponds to the absence of a large-sc
mean flow,̂ T& has been found to be linear in thej direction
@17,19# with little dependence oni . ForA/u050.05~circles!,
the profile has a very different shape. At fixedi , ^T& shows
a comparatively flat region near the center of the lattice w
the gradient steepened near the two boundariesj 51 and j
5N. Moreover, an overall horizontal gradient is develope
Reversal of this horizontal gradient is observed when eit
the flow direction or the applied scalar difference is revers
We thus attribute this horizontal gradient to the presence
the large-scale flow, which brings more ‘‘hot’’ fluid toi
51 and more ‘‘cold’’ fluid to i 531. A similar effect of the
large-scale flow generating a horizontal variation in the me
temperature of the top and the bottom plates was obse
by Cioni et al. in thermal convection@20#. The time-
independent profile when the velocity field is solely t
large-scale circulation with no fluctuation~with the same
value ofA) is evaluated and plotted as the solid line. Go
agreement between the solid line and the circles can be s

t
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FIG. 2. Comparison of the normalized PDFs,P(X) for X5(T2^T&)/s ands is the rms fluctuation, at various locations:~a! ( i 51,j
516), ~b! ( i 531,j 516), ~c! ( i 516,j 51), ~d! ( i 516,j 531), ~e! ( i 58,j 58), and~f! ( i 516,j 516), for two different sets of boundary
conditions for the velocity field withA50: periodic in thex direction, no slip in they direction~solid line!, and free in all boundaries~dotted
line!. The boundary conditions for the scalar field are the same.
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It is interesting to note that the profile forAÞ0 has close
resemblance to the mean temperature profile observed
perimentally in turbulent convection@7#. In turbulent con-
vection, a temperature difference is applied along the vert
direction. It was observed that in the steady state, the app
temperature difference concentrates in two thin therm

FIG. 3. Mean scalar profile~a! ^T( i 516,j )& and ~b! ^T( i , j
516)& for the two casesA50 ~squares! andA/u050.05 ~circles!.
Shown also are the time-independent profiles for the velocity fi
being solely the large-scale circulating flow with no fluctuati
~solid lines!.
x-

al
ed
l

boundary layers at the top and the bottom plates and
central region of the experimental cell is almost statistica
isothermal. Moreover, as discussed in Sec. I, a large-s
flow is self-generated by the applied temperature differen
Once the large-scale flow is generated, the temperature
will be advected in a similar manner as in the case o
passive scalar except that the interaction between the ve
ity and the temperature fields is now two-way. Our resu
thus show that the shape of the mean temperature pr
observed in thermal convection is a direct consequence
the presence of a large-scale mean circulating flow.

In Fig. 4, we compare the profiles for the rms scalar flu
tuation s. For A50, s is approximately constant ati 516
except near the boundaries. AsT is fixed at the top and the

d
FIG. 4. Rms scalar fluctuation profile forA50 ~squares! and

A/u050.05 ~circles!.
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PRE 58 1951EFFECTS OF A LARGE-SCALE MEAN CIRCULATING . . .
bottom boundaries, we expects to be smaller nearj 51 and
j 531 as observed. For fixedj 516, on the other hand,s is
larger neari 51 andi 531 asT is not specified near the sid
boundaries. ForAÞ0, s is generally smaller, indicating tha
mixing is enhanced in the presence of the large-scale fl
Around the top and the bottom boundaries,j 51 and j
531, s is, however, relatively larger in the presence of t
large-scale flow because the scalar gradient is ampli
there. Thus, the two profiles look very different. In thej
direction, s is maximum near the center of the lattice f
A50 but a minimum forAÞ0 while the reverse is true
along thei direction. The dependence ofs along the vertical
( j ) direction in the presence of a large-scale flow again
sembles that observed in turbulent convecton experim
@7#.

According to Ref.@14#, when the Peclet number is larg
enough and when there is a local gradient in the mean sc
profile, the scalar PDF will be exponential with a velocit
independent rms fluctuation given by

sPSS;ju¹^T&u. ~4!

For A50, ¹^T& is almost the same at each lattice point, th
s should be approximately constant by Eq.~4!. For A/u0
50.05, a plot ofs versusju¹^T&u should give a straight line
with a slope of the order 1. We plots againstju¹^T&u in
Fig. 5, and the results are as expected whenever the s
PDF is nearly exponential. The data points that show de
tions are measured from locations near the boundaries w
the scalar PDF is skewed and deviates from an expone
~see below!. Thus, the rms scalar fluctuation profile, with
the bulk of the lattice, can be understood from the me
scalar profile together with Eq.~4!.

In earlier work@17,19#, we have focused on the one-poi
scalar PDF at the center of the lattice and have studied
dependence on the parametersK and C when there is no

FIG. 5. A plot of s( i , j ) vs ju¹Tu for A50 @i 516 ~stars!, j
516 ~triangles!# andA/u050.05 @i 516 ~squares!, j 516 ~circles!#.
The slope of the fitted line is 1.15, of order 1, supporting the p
diction of Ref. @14#. The data points that deviate from the straig
line correspond to data taken near the boundaries where the
deviates from an exponential.
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mean flow. In the present study, we study also the PDF
other locations. When there is no mean flow, the PDF
found to be the same at every lattice point within the bulk
the lattice. At lattice points near the top and the botto
boundaries, the PDF is noticeably skewed. It is positiv
skewed near the bottom and negatively skewed near the
This asymmetry is due to the fixed difference boundary c
dition, which leads to more ‘‘hot’’ fluctuation near the bo
tom ‘‘cold’’ boundary and vice versa. The PDFs near the tw
sides are also skewed and with the same sign. In the pres
of the large-scale flow, the shape of the PDF remains ne
exponential. A major effect is that the PDFs near the t
sides become more skewed, with the PDF on the left~near
i 51) being positively skewed while that on the right~near
i 531) is negatively skewed~see Fig. 6!. On the other hand
the PDFs at the other locations are not affected much by
large-scale flow. The asymmetry of the PDF near the t
sides can be understood as a result of the anisotropy in
duced by the large-scale flow, which brings more ‘‘ho
fluid to i 51 and more ‘‘cold’’ fluid to i 531.

In Fig. 7, we plot the skewness of the PDF as a funct
of the location for the two cases. The scalar field at a
lattice point is coupled to the scalar field at neighbori
points. Suppose there is gradient in the mean scalar profi
a certain point (i , j ), then larger or smaller fluctuations wi
reach it from the neighboring points. Suppose there is als
gradient in the rms fluctuation profile at (i , j ), then the typi-
cal sizes of fluctuation from the neighboring points will b
different. Thus, there will be relatively more large or sm
fluctuations implying that the PDF at (i , j ) is skewed. Hence
the PDF at a particular point will be skewed if there is no
vanishing local gradient in both the meanand the rms fluc-
tuation profiles at that point. This observation is genera
verified by comparing Fig. 7 with Fig. 3 and Fig. 4. More
over, the sign of the skewness can be generally underst
using similar arguments, from the signs of the gradients
the mean and the rms fluctuation profiles.

It is known that@21# the PDF of a stationary fluctuatio
X(t), with zero mean and unit standard deviation, is rela
to two conditional averages of its time derivatives:

P~x!5
CN

^Ẋ2uX5x&
expF E

0

x ^ẌuX5x8&

^Ẋ2uX5x8&
dx8G , ~5!

where an overdot indicates a time derivative andCN is a
constant fixed by normalization. The quantity^Ẋ2uX5x& de-
notes the average of the square of the time derivative ofX(t)
whenX is at a given valuex. It is thus a conditional averag
and is generally a function ofx. The conditional average o
the second time derivativêẌuX5x& is defined similarly. It
is convenient to normalize the two conditional averages
defining two functionsq(x) and r (x), respectively, asq(x)
[^Ẋ2uX5x&/^Ẋ2& and r (x)[^ẌuX5x&/^Ẋ2&. When the
PDF is symmetric,r (x) and q(x) have been found to be
respectively, an odd and an even function@19#. We study the
two functionsq(x) and r (x) at different locations for both
A50 andAÞ0. Interestingly, we find thatr (x) remains an
odd function even when the PDF is skewed. Moreover,r (x)
is unaffected by the presence of the large-scale flow. He
the skewness of the PDF is solely related to the asymm

-

DF
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FIG. 6. Comparison of the PDFs forA50 ~dotted! andA/u050.05 ~solid! at various locations:~a! ( i 516,j 51), ~b! ( i 516,j 531), ~c!
( i 51,j 516), ~d! ( i 531,j 516).
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in the conditional averageq(x). In. Fig. 8, we plotq(x) for
AÞ0 at various locations. SupposeP(x.0).P(2x) such
that it is more probable to have positive fluctuation. Usi
Eq. ~5! with r (x.0)52r (2x), we have q(x.0).q
(2x), which implies that the typical rate of change of th
scalar fluctuation is also larger for positive fluctuation. Th
is verified byq(x) at (i 516,j 51) @solid line in Fig. 8~a!#.
Similar arguments hold for the case whenP(x,0).P
(2x).

Besides studying the one-point statistics, we have a
studied the statistics of the scalar increments. We eval
the PDFs of the scalar incrementsTt( i , j ,t)[T( i , j ,t1t)
2T( i , j ,t), denoted byP(Tt), for various values oft, and
also the PDFs of the scalar derivativedT( i , j ,t)/dt ~which is
just the scalar increment in the limit oft→0) at five loca-
tions: a[( i 52,j 516), b[( i 530,j 516), c[( i 516,j
516), d[( i 516,j 52), ande[( i 516,j 530). As the sca-
lar fluctuations have time-reversal symmetry, bothP(Tt)
andP(dT/dt) are even functions.

In the absence of the mean flow (A50), we find that
@see Fig. 9~a!# P(Tt)(a)5P(Tt)(b) while P(Tt)(c)
'P(Tt)(d)5P(Tt)(e). The two groups of PDFs have differen
widths as measured by their standard deviationst :

st~a!5st~b!.st~c!'st~d!5st~e! for A50. ~6!

The relative order ofst follows that ofs andst’s are larger
when t is larger as the average value ofTt is larger. The
same relation between the PDFs at the five different lo
tions is found for the the PDFs of scalar derivative.

Similar observations are found when there is a large-s
flow. For a certain valuet, P(Tt)(a)5P(Tt)(b) and
P(Tt)(d)5P(Tt)(e), and the two sets of PDFs are differe
from P(Tt)(c) @see Fig. 9~b!#. The ordering of the widths o
the PDFs is reversed:

st~a!5st~b!,st~c!,st~d!5st~e! for AÞ0 ~7!
o
te

a-

le

FIG. 7. Skewness of the PDF as a function of position forA
50 ~squares! and A/u050.05 ~circles!; ~a! along i 516 and ~b!
along j 516.
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following the relative order ofs.
When we normalize all the PDFsP(Tt) andP(dT/dt) by

their widths, we find that the normalized PDFsP(Xt), where
Xt[Tt /st , fall into two forms no matter whether there is
mean flow or not. The first one is for locationsa andb on
the two sides while the other one is for locationsc, d, ande
on the axis. As shown in Fig. 10, the shape of the normali
PDFs on the two sides is more stretched than that for
PDFs on the axis. Hence the shape of the PDFs of the sc
increments is not affected by the presence of the large-s
flow.

IV. SUMMARY

We have studied numerically the effects of a large-sc
circulating flow in passive scalar advection using a tw
dimensional lattice model. Various interesting features
found. First, the existence of the large-scale flow changes
mean scalar profile significantly by creating two regions
relatively larger scalar gradient near the top and the bot
boundaries and thus enhances the transfer of heat@22#. The
rms scalar fluctuation profile is also altered such that t
maxima are observed near the top and the bottom bou
aries. The modified profiles resemble the mean and rms t
perature profiles observed in turbulent convection. Thus, p
files of such shape are a direct consequence of the large-
flow no matter whether it is generated self-consistently
the applied temperature difference as in thermal convec

FIG. 8. Comparision of the conditional averageq(x) in the case
with mean large-scale flow for~a! the top and bottom boundaries
( i 516,j 51) ~solid line! and (i 516,j 531) ~dotted line! and~b! the
two sides: (i 51,j 516) ~solid line! and (i 531,j 516) ~dotted line!.
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FIG. 9. The PDFs of the scalar incrementsTt , P(Tt), for t
50.6tc at the five locations: (i 52,j 516) ~circles!, (i 530,j 516)
~stars!, (i 516,j 516) ~squares!, (i 516,j 52) ~triangles!, and (i
516,j 530) ~pluses! for ~a! A50 and~b! A/u050.05.

FIG. 10. Normalized PDFs of the scalar increments,P(Xt), for
t50.6tc at the five locations for bothA50 and A/u050.05. (i
52,j 516): A50 ~filled circles!; A/u050.05 ~filled rhombuses!,
( i 530,j 516): A50 ~filled squares!; A/u050.05 ~filled triangles!,
( i 516,j 516): A50 ~crosses!; A/u050.05 ~plusses!, (i 516,j
52): A50 ~circles!; A/u050.05 ~rhombuses!, and (i 516,j 530):
A50 ~squares!; A/u050.05 ~triangles!.
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or is imposed as in our model. Moreover, the magnitude
the rms fluctuation is of the order of the product of the v
locity correlation length and the local mean scalar gradie
as predicted in Ref.@14#, whenever the PDF is close to a
exponential. In the presence of the large-scale flow, the P
of the scalar fluctuation near the two sides become ske
and with opposite signs. Interestingly, the conditional av
age r (x) remains an odd function even when the PDF
skewed. Moreover,r (x) is unaffected by the presence of th
large-scale flow. Therefore, the skewness of the PDF
solely related to the asymmetry in the conditional avera
q(x). Hence, whenever it is more probable to have posit
i.
,

f
-
t,

Fs
ed
-

is
e
e

fluctuations, the typical rate of change of the fluctuation
also larger for positive fluctuations. Finally, the form
shape of the PDFs of the scalar increments is found to
unaltered by the large-scale flow. This result supports
idea that large-scale effects can be filtered out by study
increments.
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